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A micro-mechanics model for non-isotropic, open-celled foams is developed using an elongated tetrakaidecahedron
(Kelvin model) as the repeating unit cell. Assuming the cell edges possess axial and bending rigidity, the mechanics of
deformation of the elongated tetrakaidecahedron lead to a set of equations for the Young’s modulus, Poisson’s ratio
and tensile strength of the foam in the principal material directions. These equations are written as a function of the cell
edge lengths and cross-section properties, the inclination angle and the strength and stiﬀness of the solid material. This
micro-mechanics model employs an elongated Kelvin model geometry which is more general than that employed by pre-
vious authors, as the size and shape of the repeating unit cell are deﬁned by specifying three independent dimensions. As a
result, the model accounts for an additional variation in the unit cell shape which is not accounted for in the previous mod-
els. The eﬀect of this additional shape parameter on the non-isotropic stiﬀness and strength behavior is demonstrated and
the advantages of this more general micro-mechanics model are illustrated.
Published by Elsevier Ltd.
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Previous studies on open and closed-cell foams have sought to establish a direct tie between the foam
micro-structure and the macro-level foam properties. Through careful consideration of the foam micro-struc-
ture and selection of a suitable representative repeating unit, equations for the foam density, elastic constants
and strength have been written in terms of the micro-structural dimensions and the physical and mechanical
properties of the solid material (Gent and Thomas, 1959; Dement’ev and Tarakanov, 1970; Huber and Gib-
son, 1988; and Gong et al., 2005a,b).
To represent the foam micro-structure, many of these previous researchers used a tetrakaidecahedron, a 14-
sided polyhedron comprised of six quadrilateral and eight hexagonal faces. The tetrakaidecahedron is widely
known as the Kelvin foam model, as it was Thomson (1887) who, in his assessment of Plateau’s experiment,
identiﬁed the tetrakaidecahedron (with slightly curved faces) as the only polyhedron that packs to ﬁll space0020-7683/$ - see front matter Published by Elsevier Ltd.
doi:10.1016/j.ijsolstr.2007.10.028
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adopted an equi-axed tetrakaidecahedron to develop equations for the foam Young’s modulus, shear modulus
and Poisson’s ratio for isotropic, open-celled foams. They assumed that the mechanical behavior of open-
celled foams could be simulated by treating the edges of the cell faces as structural elements possessing axial,
bending and torsional rigidity. Applying the principle of minimum potential energy to the deformation of the
repeating unit, the equations for the foam elastic constants were written in terms of the cell edge length L, the
edge cross-sectional area A, moment of inertia I and polar moment of inertia J and the Young’s modulus E
and shear modulus G of the solid material. Using a similar set of assumptions, Warren and Kraynik (1997)
developed similar equations for the Young’s modulus, bulk modulus and shear modulus for isotropic,
open-celled foams. The more recent model by Gong et al. (2005a) includes the eﬀect of shear deformation
and allows for the edge cross-sectional area to vary along the length of the edge.
In many cases, the foam micro-structure is elongated in the rise direction due to the foaming and rising
process causing the foam mechanical behavior to be non-isotropic. To treat non-isotropic foams, Dement’ev
and Tarakanov (1970), Gong et al. (2005a,b), Ridha et al. (2006) and others have adopted an elongated tet-
rakaidecahedron (Fig. 1) as the repeating unit cell, deriving equations for the elastic constants and strengths in
the principal material directions. An elongated tetrakaidecahedron also packs to ﬁll the space. It contains
eight hexagonal faces, two horizontal square faces and four vertical diamond faces. The horizontal square
faces have sides of length b and the diamond faces have sides of length L. The hexagonal faces have four sides
with length L and two sides with length b. The inclination angle h deﬁnes the orientation of the hexagonal
faces with respect to the rise direction as well as the obtuse angle of the vertical diamond faces, 2h.
The size and shape of the elongated tetrakaidecahedron is uniquely deﬁned by specifying the value of any
three of the cell dimensions: b, L, h, H and D. The above mentioned authors, however, have developed their
equations for the elastic constants and compressive strengths of non-isotropic foams by imposing the restric-
tion on the cell geometry that b=L ¼ ﬃﬃﬃ2p cos h. This constraint forces the cell shape to be a function of the incli-
nation angle only. Since, from a purely geometrical point of view, h and b=L may vary independently, we see
no reason for this restriction on the cell geometry, other than to reduce the number of micro-structural mea-
surements required to apply the equations and predict the foam behavior. As such, it is prudent to revisit the
formulation of the previous authors and re-derive the equations for the elastic constants and strengths using
the most general description of the elongated Kelvin model geometry.
In this paper, we derive the equations for the elastic constants and strengths for non-isotropic, open-celled
foams using an elongated tetrakaidecahedron unit cell with a general geometric description, one that is deﬁned
with three independent dimensions. The equations are developed following an approach similar to Zhu et al.
(1997) and are written in terms of the cell dimensions b, L and h, the edge cross-section properties A and I, and
the solid material stiﬀness E and tensile strength rult. In the ﬁnal section, we demonstrate the eﬀect of the more
general unit cell geometry on the non-isotropic mechanical response and strength behavior.Fig. 1. Elongated tetrakaidecahedron repeating unit cell.
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The size and shape of an elongated tetrakaidecahedron are uniquely deﬁned by specifying the value of any
three of the ﬁve dimensions L, b, h, H, D (see Fig. 1), since the height H and width D of the unit cell is related
to L, b, and h according toH ¼ 4L sin h and D ¼ 2L cos hþ
ﬃﬃﬃ
2
p
b: ð1ÞThe cell aspect ratio R ¼ H=D is thereforeR ¼ 4L sin h
2L cos hþ ﬃﬃﬃ2p b : ð2ÞThere is a minimum value of h, below which the unit cell in Fig. 1 is no longer elongated in the z-direction.
This minimum value of h is a function of the length ratio b=L, since as b=L becomes larger, the value of h must
become larger in order for H > D and thus R > 1. The equation for the minimum h in terms of the ratio b=L is
derived in Appendix A.
3. Foam relative density
The relative density c is, by deﬁnition, the ratio of the foam density to the density of the solid material,
c ¼ q=qs. The relative density may be written in terms of volumes as c ¼ V s=V , where V s is the volume occu-
pied by solid matter and V is the total volume of the foam. Using the elongated tetrakaidecahedron shown in
Fig. 1 as a representative volume, the total volume is V ¼ HD2. The members that form the perimeter of the
vertical diamond faces and those of length b that form the perimeter of the horizontal square faces are shared
by the adjacent cells. Thus, they contribute only half their cross-sectional area to the repeating unit. All other
members are completely contained within the boundaries of the unit cell. Assuming the edge cross-sectional
area A is the same for all edges and constant along the edge length, then V s ¼ 16ALþ 8Ab. Using the relations
in Eq. (1), the relative density may be writtenc ¼ 2Að2Lþ bÞ
L sin h½2L cos hþ ﬃﬃﬃ2p b2 : ð3Þ4. Expressions for the foam elastic constants
We seek to develop equations for the foam elastic constants in terms of the micro-structural dimensions L,
b and h, the edge cross-section area A and moment of inertia I and the modulus of the solid material E. For
this purpose, we establish the cartesian coordinate system shown in Fig. 2, where the z-direction is oriented in
the rise direction and the x- and y-directions are in the plane perpendicular to the rise direction.
For loading in the perpendicular-to-rise direction, we use the repeating unit cell shown in Fig. 2, which rep-
resents one-eighth of the tetrakaidecahedron shown in Fig. 1. We consider the deformation of this unit cell
under the application of a uni-axial stress in the y-direction ryy which results in an extension in the y-direction
and the accompanying contractions in the x- and z-directions. Furthermore, due to symmetry of the unit cell,
one can easily recognize that the same set of equations apply for loading in the x-direction, i.e. Ex ¼ Ey ,
txy ¼ tyx and txz ¼ tyz.
In order for the unit cell to be a representative repeating unit during deformation, we enforce the symmetry
conditions on the member end point displacements:uB ¼ uC ¼ 0 uF ¼ uG ¼ u
vC ¼ vD ¼ 0 vG ¼ vH ¼ v
wD ¼ wF ¼ 0 wB ¼ wH ¼ wwhere the symbols u, v and w denote the displacements in the x-, y- and z-directions, respectively, and the sym-
bols u, v and w represent the displacements of the unit cell at the unit cell boundaries (Fig. 3). We also require
Fig. 2. Repeating unit cell for loading in the y-direction (perpendicular to rise).
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that due to similarity of members BC and FG and the similarity of members BH and DF, we have the addi-
tional conditionsuH ¼ uF vBH ¼ vF wG ¼ wB
where vBH is the y-direction relative displacement of point H with respect to point B, vH ¼ vB þ vBH .
Previous researchers have assumed an edge cross-section with circular, square, equilateral triangular or
three-cusp hypocycloid (Plateau Borders) shapes. Note that for any of the four shapes, the moment of inertia
of the L-length members (BC and FG) about the neutral axis parallel to the unit cell x-direction ILx is equal to
the moment of inertia of the b-length members (BH and DF) about the neutral axis parallel to the unit cell z-
direction Ibz , as long as the L and b-length members have the same cross-section. As a result, the expressions
for the elastic constants may be developed using ILx ¼ Ibz ¼ I .
The equations for the Young’s modulus and Poisson’s ratios are obtained by applying the minimum poten-
tial energy theorem to the unit cell deformation, resulting inEy ¼ 12EI
L sin h 2L3 sin2 hþ b3 þ 12IA ð2L cos2 hþ bÞ
h i ; ð4ÞFig. 3. Unit cell deformation for loading in the Y-direction. (a) Y–Z plane, (b) X–Y plane.
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2  12IÞ
12Ið2L cos2 hþ bÞ þ Að2L3 sin2 hþ b3Þ ;
tyz ¼
ðAL2  12IÞ 2L cos hþ ﬃﬃﬃ2p b  cos h
2 12I 2L cos2 hþ bð Þ þ A 2L3 sin2 hþ b3   :
ð5ÞFor a more detailed discussion of the derivations which lead to Eqs. (4) and (5), we refer the reader to the
report by Sullivan et al. (2007).
The application of a perpendicular-to-rise direction stress ryy induces both an axial load and bending
moments in the L-length members (BC and FG) and the b-length members (BH and DF). The maximum bend-
ing moment occurs at the member ends, having equal magnitudes, but opposite signs, at opposite ends of the
members, MBC ¼ MCB, MGF ¼ MFG, MBH ¼ MHB, MDF ¼ MFD. Under the application of a perpendicu-
lar-to-rise direction stress ryy , the axial force and maximum bending moment in the members of length L areNBC ¼ NFG ¼ ryy 2L cos hþ
ﬃﬃﬃ
2
p
b
 
L cos h sin h;
MBC ¼ MGF ¼ ryy
2
L sin hð Þ2 2L cos hþ
ﬃﬃﬃ
2
p
b
 
;
ð6Þand the axial force and maximum bending moment in the members of length b areNBH ¼ NDF ¼ ryyﬃﬃﬃ
2
p L sin h 2L cos hþ
ﬃﬃﬃ
2
p
b
 
;
MBH ¼ MDF ¼ ryy
2
ﬃﬃﬃ
2
p Lb sin h 2L cos hþ
ﬃﬃﬃ
2
p
b
 
:
ð7ÞFor loading in the z-direction, it is more convenient to use the unit cell shown in Fig. 4. We deﬁne the unit
cell displacements relative to point C and impose the member end point displacementsuC ¼ vC ¼ wC ¼ 0 uD ¼ uE ¼ u
vA ¼ vB ¼ v wA ¼ wB ¼ w
wD ¼ wE ¼ w:Application of the minimum potential energy theorem to the unit cell deformation leads toEz ¼ 24EI sin h
L2 cos2 hþ 12 I sin2 h
AL2
	 
 ﬃﬃﬃ
2
p
L cos hþ b 2 : ð8ÞFig. 4. Repeating unit cell for loading in the Z-direction (rise direction).
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ﬃﬃﬃ
2
p
L2 AL2  12I  cos h sin2 h
12 IL sin2 hþ AL3 cos2 h  ﬃﬃﬃ2p L cos hþ b  : ð9Þ
Deﬁning the stiﬀness ratio as RE ¼ Ez=Ey , then Eqs. (1), (2), (4) and (8) lead toRE ¼ R
2
4
2 sin2 hþ ðb=LÞ3 þ 12I
AL2
2 cos2 hþ b=Lð Þ
h i
cos2 hþ 12I
AL2
sin2 h
h i : ð10ÞUnder the application of a rise direction stress rzz, the axial force and maximum bending moment in the
members of length L areNBC ¼ rzz sin h
2
ﬃﬃﬃ
2
p
L cos hþ b
 2
;
MBC ¼  rzzL cos h
4
ﬃﬃﬃ
2
p
L cos hþ b
 2
:
ð11ÞGiven the restrictions on the member end point displacements, the members of length b undergo only rigid
body motion (Fig. 5) and are therefore unstressed under the application of a rise direction stress. The negative
sign appears in the second expression in (11), since the bending moment in struts BC due to rzz are opposite in
sign to the bending moment produced by ryy .
5. Expressions for the foam tensile strength in the principal material directions
We assume that foam tensile failure occurs when the applied stresses produce a maximum tensile stress in
any of the edges which is equal to the ultimate tensile strength of the solid material, that is when rmax ¼ rult.
Tensile failure in the y-direction may occur due to failure of either the edges of length L or the edges of length
b. Using rmax ¼ ðN=AÞ  ðM=SÞ, where S is the edge section modulus, and the equations for NBC and MBC in
Eqs. (6), the ultimate strength of the foam in the y-direction, based on failure of the edges of length L, is given
asrultyy ¼
rult
L cos h sin h
A þ L
2 sin2 h
2SLx
	 

2L cos hþ ﬃﬃﬃ2p b  : ð12ÞFig. 5. Unit cell deformation for loading in the Z-direction. (a) Y–Z plane, (b) X–Y plane.
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parallel to the unit cell x-direction. Likewise, using the equations for NBH and MBH in (7), the ultimate tensile
strength of the foam in the y-direction, based on failure of the edges of length b, isrultyy ¼
rult
L sin hﬃﬃﬃ
2
p
A
þ Lb sin h
2
ﬃﬃﬃ
2
p
Sbz
	 

2L cos hþ ﬃﬃﬃ2p b  ; ð13Þwhere Sbz is the section modulus for the members of length b bending about the section neutral axis which is
parallel to the unit cell z-direction. Note that for equilateral triangular or three-cusp hypocycloid cross-sec-
tions, SLx 6¼ Sbz .
Eq. (12) will always yield a lower estimate of the y-direction ultimate strength than Eq. (13) provided the
foam micro-structure is such that2SLx cos hþ AL sin h >
ﬃﬃﬃ
2
p
Sbz þ Ab=
ﬃﬃﬃ
2
p
: ð14ÞIf this condition is met, the edges with length L will fail at a lower applied stress ryy than the edges with length
b.
Using (11), the ultimate tensile strength of the foam in the z-direction isrultzz ¼
rult
sin h
2A þ
L cos h
4SLx
	 
 ﬃﬃﬃ
2
p
L cos hþ b 2 : ð15ÞAssuming the perpendicular-to-rise direction strength is limited by failure of the members of length L, then
the strength ratio in tension, Rr ¼ rultzz =rultyy , can be written using (1), (2), (12) and (15) asRr ¼ R
sin hþ 2S
L
x
AL cos h
	 

cos hþ 2S
L
x
AL sin h
	 
 : ð16Þ6. Stiﬀness and strength ratios versus R, c and the shape parameter Q
In addition to the aspect ratio, the shape of an elongated tetrakaidecahedron is dependent on the parameter
Q, which we deﬁne as Q ¼ b=ðL cos hÞ. The eﬀect of the value of Q on the unit cell shape is illustrated in Fig. 6,
where two tetrakaidecahedron are drawn to have the same aspect ratio, but their values of Q are such thatFig. 6. Sketch of two elongated tetrakaidecahedron illustrating the eﬀect of the shape parameter Q.
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Tarakanov, 1970; Gong et al., 2005a,b and Ridha et al., 2006) is such that Q ¼ ﬃﬃﬃ2p .
We can now rearrange (2) to obtain tan h ¼ 2þ ﬃﬃﬃ2p Q =4 R. This leads toTable
Values
Circula
Hypoccos h ¼ 4ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
16þ 2þ ﬃﬃﬃ2p Q 2R2q ; sin h ¼
2þ ﬃﬃﬃ2p Q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
16þ 2þ ﬃﬃﬃ2p Q 2R2q R;
b
L
¼ 4Qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
16þ 2þ ﬃﬃﬃ2p Q 2R2q : ð17Þ
For circular or three-cusp hypocycloid edge cross-sections, the cross-sectional area is A ¼ C1r2, where r is
the radius of the cross-section. We also have the relations 12I=AL2 ¼ ðC2=C1Þ  ðA=L2Þ and SLx=AL ¼
C3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
A=C1L2
p
. The values for the constants C1, C2 and C3 for circular and hypocycloid cross-sections are listed
in Table 1.
Using Eqs. (1) and (2), we can rewrite Eq. (3) as A=L2 ¼ 8c sin3 h= 2þ b=Lð ÞR2 and using (17) leads to12 I
AL2
¼ 8c
~Q3R
16þ ~Q2R2  4Qþ 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ16þ ~Q2R2q 
C2
C1
; ð18aÞand2SLx
AL
¼ 4
ﬃﬃﬃ
2
p
c0:5 ~Q1:5R0:5
16þ ~Q2R2 0:5 4Qþ 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ16þ ~Q2R2q 0:5
C3ﬃﬃﬃﬃﬃ
C1
p ; ð18bÞwhere ~Q ¼ 2þ ﬃﬃﬃ2p Q.
Substituting (17) and (18) into (10) and (16), the stiﬀness and strength ratios can be written in terms of the
relative density c and the two shape parameters R and Q asRE ¼ R
2
4
2~Q2R2 þ 64Q
3ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
16þ ~Q2R2
q
0
@
1
AC1 þ 8RC2
~Q3 32þ 4Q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
16þ ~Q2R2
q 
4Qþ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
16þ ~Q2R2
q 
16þ ~Q2R2  c
16C1 þ 8R
3C2 ~Q5
4Qþ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
16þ ~Q2R2
q 
16þ ~Q2R2  c
2
666666666664
3
777777777775
; ð19Þ
Rr ¼ R
ﬃﬃﬃﬃﬃ
C1
p
~QRþ 16
ﬃﬃﬃ
2
p
C3 ~Q1:5R0:5c0:5
4Qþ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
16þ ~Q2R2
q 0:5
16þ ~Q2R2 0:5
2
6664
3
7775
4
ﬃﬃﬃﬃﬃ
C1
p þ 4
ﬃﬃﬃ
2
p
C3 ~Q2:5R1:5c0:5
4Qþ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
16þ ~Q2R2
q 0:5
16þ ~Q2R2 0:5
2
6664
3
7775
: ð20Þ1
for the constants C1, C2 and C3 for circular and three-cusp hypocycloid cross-sections
C1 C2 C3
r p 3 1=4
ycloid
ﬃﬃﬃ
3
p  p=2 20
ﬃﬃﬃ
3
p  11p
2
ﬃﬃﬃ
3
p  p
60 11 ﬃﬃﬃ3p p
24
ﬃﬃﬃ
3
p  p=2 
Fig. 7. Plot of stiﬀness ratio versus cell aspect ratio for various Q values and relative densities c. (See above-mentioned references for
further information.)
Fig. 8. Plot of tensile strength ratio versus cell aspect ratio for various Q values and relative densities c.
1762 R.M. Sullivan et al. / International Journal of Solids and Structures 45 (2008) 1754–1765Using (19), the stiﬀness ratio is plotted in Fig. 7 as a function of the aspect ratio, the shape parameter
Q and the relative density. Plateau Border cross-sections were assumed. The experimental results reported
by a number of previous researchers are also included. Note that the stiﬀness ratio is a stronger function
of the shape parameter Q than the relative density c and that the dependence on c decreases as the value
of Q decreases. It is also surprising to ﬁnd that the stiﬀness ratio RE may not equal unity at R ¼ 1, which
is the case when Q 6¼ ﬃﬃﬃ2p .
We note that although most of the experimental results seem to fall near the curves where Q ¼ ﬃﬃﬃ2p , quite a
few deviate considerably from these curves. Although it may be argued that these deviations are due to exper-
R.M. Sullivan et al. / International Journal of Solids and Structures 45 (2008) 1754–1765 1763imental scatter, we suggest that they may be attributed to a foam microstructure where the representative unit
cell has a shape such that Q 6¼ ﬃﬃﬃ2p .
Using (20), the tensile strength ratio is plotted in Fig. 8 as a function of the aspect ratioR, the shape parameter
Q and the relative density c. Again, PlateauBorder cross-sectionswere assumed. The strength ratio is also amuch
stronger functionof the shape parameterQ than the relative density c. The experimental results from three studies
are included in Fig. 8. In comparing the experimental results with the curves drawn from (20), it appears, once
again, that restricting the repeating unit cell shape to Q ¼ ﬃﬃﬃ2p may be ill-advised as some of the experimental
results deviate considerably from the Q ¼ ﬃﬃﬃ2p curves. Finally, we note that the plot of the stiﬀness ratio versus
aspect ratio for BX-265 andNCFI24-124 rigid polyurethane foams indicate that their microstructure is such that
Q  1 and that a plot of their strength ratio versus aspect ratio imply a similar microstructure.7. Concluding remarks
Equations for the Young’s modulus, Poisson’s ratio and strength have been derived for non-isotropic,
open-celled foams using an elongated Kelvin model repeating unit cell with the most general geometric
description. The repeating unit cell is deﬁned by specifying the values of four independent dimensions: three
to specify the unit cell size and shape and one to specify the edge cross-section dimension. The equations for
the elastic constants and strength were written in terms of the edge lengths and edge cross-section properties,
the inclination angle and the strength and stiﬀness of the solid material.
In closing, it is worth noting that by adopting an elongated Kelvin model with the most general geom-
etry, a more detailed description of the foam micro-structure is required in order to apply the resulting
equations and predict the foam behavior. More speciﬁcally, it is now necessary to obtain four separate
physical and mechanical measurements of the foam in order to apply the equations. Aside from this added
burden, the model is an improvement over the previous models, since it accounts for an additional var-
iation in the unit cell shape and, as such, it is capable of representing a wider range of foam micro-
structures.Acknowledgment
The authors are grateful for funding from the External Tank Project under NASA’s Space Shuttle
Program.Appendix A. Relation between the minimum allowable inclination angle and the length ratio b/L for an elongated
tetrakaidecahedron
If the height H and width D of the tetrakaidecahedron are equal, the expressions in (1) lead to2 sin h cos h ¼ bﬃﬃﬃ
2
p
L
: ðA1ÞFor an elongated tetrakaidecahedron ðH > DÞ, we have the inequality2 sin h cos h > bﬃﬃﬃ
2
p
L
: ðA2ÞUsing the trigonometric identity cos h ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 sin2 h
p
, (A1) can be rearranged and rewritten as a second-order
polynomial in sin h, that is5 sin2 h 2
ﬃﬃﬃ
2
p b
L
sin hþ b
2
2L2
 1
 
¼ 0: ðA3ÞThe solution to (A3) is obtained using the quadratic formula resulting in the two solutions
Fig. A.1. Plot of the two solutions to Eq. (A3)
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ðA4bÞwhere both roots are real provided b=L 6
ﬃﬃﬃﬃﬃ
10
p
and where the two are identical when b=L ¼ ﬃﬃﬃﬃﬃ10p . The solutions
listed in (A4) are plotted in Fig. A.1.
It is easily shown that (A4a) is the solution to (A1) and that (A4b) is the solution to2 sin h ¼  cos hþ bﬃﬃﬃ
2
p
L
: ðA5ÞSince (A5) has no physical signiﬁcance here, we will ignore the latter of the two solutions in (A4).
The plot of (A4a) in Fig. A.1 deﬁnes the value of sin h as a function of the length ratio b=L for any tetrakai-
decahedron with H ¼ D. As such, it deﬁnes the lower bound on the inclination angle for all possible elongated
tetrakaidecahedron, since sin h for any elongated tetrakaidecahedronmust lie above the upper curve in Fig. A.1.
We note that, in the range 2=
ﬃﬃﬃ
5
p
< sin h < 1, (A4a) yields two possible values for the ratio b=L for each
value of sin h. The values of b=L > 2
ﬃﬃﬃ
2
p
, however, violate (A2) since2P 2 sin h cos h for all h 6 p=2:
Hence, for an elongated tetrakaidecahedron with h < p=2, the length ratio b=L must be less than 2
ﬃﬃﬃ
2
p
.
The lower bound on the inclination angle is therefore given byh > Arc sin
ﬃﬃﬃ
2
p
b
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þ
ﬃﬃﬃ
2
p
10
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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s8<
:
9=
;; ðA6Þwhich is valid over the domain 0 < b=L < 2
ﬃﬃﬃ
2
p
.
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